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While the model theory for contraction operators (cf. [I]) is always a useful tool, it is particularly 
powerful when dealing with Co(l) operators. Recall that an operator T on a Hilbert space H is 
a C (iV)-operator (N = 1, 2 . . .) if ||T|| < 1, T n -> and, T n -> (strongly) when n -> oo and 
rank(l — T*T) = iV. In particular, a Co(l) operator is unitarily equivalent to the compression of 
the unilateral shift operator S on the Hardy space H 2 to a subspace H 2 Q mH 2 for some inner 
function m in H°°. 

In this note we use the structure theory to determine when the lattices of invariant and hy- 
perinvariant subspaces differ for the square T 2 of a Cq(1) operator and the relationship of that to 
the reducibility of T 2 . To accomplish this task we first determine very explicitly the characteristic 
operator function for T 2 and use the representation obtained to determine when the operator is 
irreducible. While every operator T in Co(l) is irreducible, it does not follow that T 2 is necessarily 
irreducible, that is, has no reducing subspaces. In particular, we characterize those T in Cq(1) for 
which T 2 is irreducible but for which the lattices of invariant and hyperinvariant subspaces for T 2 
are distinct. 

Finally, we provide an example of an operator X on a four dimensional Hilbert space for which 
the two lattices are distinct but X is irreducible, and show that such an example is not possible on 
a three dimensional space. 

This work was prompted by a question to the first author from Ken Dykema (Sect. 2, [5]) 
concerning hyperinvariant subspaces in von Neumann algebras. He asked whether the lattices of 
invariant and hyperinvariant subspaces for an irreducible matrix must coincide. He provides an 
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example in [2] on a six-dimensional Hilbert space showing that this is not the case. 
We assume that the reader is familiar with the concepts and notation in and [3]. 



Let T G Co(l) on H, dimH > 2. WLOG we can assume 



(1.1) T = P H S\ H , where H = H Q mH , (Sh)z = zh{z){z £ D,h £ H ),m G H°°,m inner. 



Define 

(1.2) 

where 
(1.3a) 

(1.3b) 



9(A) = - 



6(A) Xd(X) 
d(X) 6(A) 



(A G D), 



6(A) = m(y/X) + m(-\/A) (A G D) and 
d(X) = ZptyQ (o/AGB) 



Vx 



d(0) = 2m' (0). 



Lemma 1. The matrix function B(-) is inner, pure and (up to a coincidence) the characteristic 
operator function of T 2 . 



Proof. For h G H 2 write 



(1.4a) 



h(X) = h (X 2 ) + A/ii(A 2 ) (AGD). 



Clearly &<)(•)» MO (= &o(A),fci(A),A € D ) belon g to Define W: # 2 ^ H 2 ® H 2 (= # 2 (C 2 )) 
by 



(1.4b) 



Then is unitary and 



(1.5) 



Consequently, 



Wh = ho © hi, where h is given by (1.4a) 



WS 2 = (SeS)W. 



(1.6) 



WT 2 = WP H S 2 = PwhWS 2 = P WH (S®S)W; 



moreover, since S 2 mH 2 C mH 2 we also have 

(S® S)WmH 2 = WS 2 mH 2 C WmH 2 

and therefore 

' P W h{S ®S) = P W h(S © S)P WH = WP H W*(S © S)P WH = 
(1.7) < = WP H S 2 W*P WH = WT 2 P H W* = 

= w\ H T 2 (w\ H y. 

These relationships show that S © S is an isometric lifting of To = P\vh{S © S)\yyjj and that this 
operator is unitarily equivalent to T 2 . Moreover, since 

CO 

\l (S © S) n WH = H 2 © H 2 

n=0 

is obvious, S © S is i/ie minimal isometric lifting of T = H^|^T 2 (Vy|^)*. 
Further, 

WmH 2 = {W(m {\ 2 ) + Am 1 (A 2 ))(/i (A 2 ) + A/ii(A 2 )) : feeff 2 } 
= {W[(m ho)(X 2 ) + A 2 (m 1 / ll )(A 2 )+ 

+ X(m hi + m 1 h )(X 2 ): h £ H 2 } = 
= {((m h ){X) + A(mi/ii)(A)) © (m /ti + m 1 h ){X) : h € H 2 } = 
mo Ami 

Oo © /ii): /i £ H 

mi mo 

Note that the above computations also prove that 

mo Ami 
mi mo 

Since m(S) is isometric, so is Wm{S)W*, that is, 

mo (A) Ami (A) 
mi (A) m (A) 
Consequently, To is the compression of S © 5 to 

(1.10) WH =(H 2 @H 2 )eM{H 2 @H 2 ). 

Moreover, it is clear that 

m (X) = h(X), mi (X) = ^d(X) (AGB) 



(1.8) {Wm{S)W*){ho@h 1 ) 





mo 


Ami 






V 




H 2 


33 H 2 




mi 


m 








{hoi 


b hi & H 2 Q 


)F 2 ) 



(1.9) 



M(X) 



is inner. 
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so that the matrix M(-) defined by (|1.9|) is identical to the matrix ©(•) defined by (|1.2|) . 
Note that 

m(0) 



9(0) 



m'(0) m(0) 



and 



e(o)*e(o) 



|m(0)| 2 + |m'(0)| 2 m'(0)m(0) 
m(0)m'(0) |m(0)| 2 



If 0(0) were not pure, then 0(0)* 0(0) would have the eigenvalue 1 and therefore the other eigen- 
value must be |m(0)| 4 . Taking traces we have 



2|m(0)| 2 + \m' 



1 + |m(0)| 4 



This implies that the modulus of the analytic function m(A) defined by 

. . / \ \ m(X) — m(0) =- . . „. 

Am (A) = — v ' y ' (A € D, A ^ 0) 



and 



1 — m(0)m(A) 

m'(0) 



m(0) 



1 - |m(0)| 2 

attains its maximum (= 1) at A = 0. By virtue of the maximum principle, m(A) = c = constant, 
|c| = 1. Thus 

A + cm(0) \ 



m(A) = c 



(A G D) 



and 



1 + Acm(0) J 
2 < dim H = dim(£f 2 mH 2 ) = 1, 



which is a contradiction. 

We conclude that ©(•) is pure and, by virtue of (P~TU|) (recall 0(A) = M(A)), that ©(•) is 
the characteristic operator function of To and hence (up to a coincidence) also the characteristic 
operator function of T 2 . This concludes the proof of the lemma. □ 



Note that the preceding result also shows that T is a Co (2) operator. 



2 

Our next step is to characterize in terms of 0(A) the reducibility of T 2 . 
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Lemma 2. The operator T 2 is reducible if and only if there exist Qi = Q* = Qf , Qi £ C(C 2 ) 
(i = 1, 2) so that 

(2.1) 9(A)Q 2 = Qi&(\) (A G D) 

and OjtQijt I & (i = 1,2). 

Proof. If Qi,Q2 as above exist, then (since rank Q\ = 1 = rank C/ 2 ) there exist unitary operators 
in C(C 2 ) so that 

^(A) 



(2.2) 



w 1 e(\)w 2 



(A G B) for functions 0i(-),0 2 (-)- 



6» 2 (A) 

Indeed, if Wi and W2 are unitary operators in £(C 2 ) such that 

QiC 2 = wr(Ce{0}), Q 2 C 2 = ^ 2 (C©{0}), 



then 



Wi 9(A) W 2 



1 




1 















1 




1 




Wi < 


e(A)w 2 










WiG(A)| 



WiQ(\)W 2 = 



= w 1 (e(\)Q 2 - qmx)) = 0. 

Thus C © {0} (and hence also {0} © C) reduces Wi@(X)W2 and consequently this operator has the 
form $n$ . 

Clearly the 61,62 in (|2.2|) are inner (and non-constant). Let 



(2.3) 



Ti = P Hi S\ H ., where H t = H 2 © 



ft = 1,2") 



Then the characteristic operator function of T% © T 2 is the right hand side of (|2.2j) which coincides 
with ©(A). Thus T 2 and T\ © T 2 are unitarily equivalent. 

Conversely, if T 2 is reducible then T 2 is unitarily equivalent to the direct sum T[ © T 2 , where 



rpl _ rp 2 



1,2), H\,H2 are reducing subspaces for T 2 , and H = Hi © i^ 2 . Clearly each 



T/ G Coo an d since the defect indices of the T/s sum up to 2, it follows that each T[ G Cq(1). Thus 
the characteristic operator function of T[ © T' 2 coincides with 



(2.4) 



?i(A) 
6 2 (A) 
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where Qi is the characteristic function of T- {i = 1,2). Again 0(A) is connected to (|2.4|) by a relation 
of the form (|2~2|) . that is, 

^i(A) 
2 (A) 



6(A) = Wt 



where W\ , W 2 are again unitary. Then 



Qi = Wt 



1 




Wi, Q 2 = W 2 



1 




Wo 



satisfy (|2~T|) 



□ 



Remark. Note that in (J2TT|) , the orthogonal projections Qi, Q 2 are of rank one. Such a projection 
Q is of the form 

Vil 2 hh 



(2.5) 



where 



Thus 



(2.6) 



Q = f®f 



hh \h\ 



Q 



q rb 
r6 1 - 



/ = /ie/ 2 ec 2 , ||/|| = i. 



where < q < 1, \0\ = 1, r = - g)) 



1/2 



In this paragraph we study the relation (|2.1|) using the representation (|2.6|) for Q = Qi (i = 1, 2) 
and the form (|1.2|) of 0(A). Thus we have 



(3.1) 



where 



(3.2) 



6(A) AcZ(A) 
d(X) 6(A) 



Q2 r 2 9 2 
r 2 6 2 1 - q 2 



qi nOi 
ri#i l-qi 



6(A) Ad(A) 
d(A) 6(A) 



< 91,52 < 1,N = \9 2 \ =l,n = (g f (l - g,)) 1/2 (» = 1,2). 



We begin by noting that 
(3.3) |6(A)| 2 + |d(A)| 2 ^0 (AG 



since otherwise we would have m(A) = 0. In discussing (|3.1|) we will consider several cases: 
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Case I. If 6(A) = (A G B), then (JXTJ) becomes: 



riM(A) Agid(A) 
[l- qi )d(X) r 1 e 1 Xd(\)_ 

which is possible if and only if n = = r2 and gi = 1 — g2- In this case T 2 is reducible. 



Xd(X)r 2 9 2 Ad(A)(l-g 2 ) 
d(X)q 2 d{X)r 2 9 2 



Case II. If d(X) = (AG B), then 

Q2 = Qi = any Q = Q* = Q 2 with rank Q = 1 
and again T 2 is reducible. 

Case III. If 6(A) ^ 0, d(X) ^ (A G B), then ()3.1|) is equivalent to the equations 

&(<?2 - ?i) = d(ri0i - Ar 2 6» 2 ), b(r 2 9 2 - nOx) = Xd(q 1 + q 2 - 1) 
d(<?l + 92 - 1) = K r i#i - ^2^2), &(<?2 - gi) = d(r 2 6 2 - Xr x 9x), 

which in turn are equivalent to 

riBi = r 2 9 2 , q 2 + q 1 = l 

(3-4) { 

6(A)(1 - 2gi) = d(A)(0i - A0i)n (A G B). 

In Q3.4JI . (71 = 1/2, if and only if rj = 0, i.e. gi = or 1, a contradiction. Thus we can divide by 
1 - 2qi and ([3~4~j) implies (with 9 = 61) 



(3.5) 



b(\) = d(\)(6-\9)p (AgB) 
for some /J G R, p 7^ 0. 

Conversely, if ()3.5j) holds, then setting 



1 1 



1 



gi = - ± - — + 2 (according to whether p ^ 0), 

and g 2 = 1 — gi, #2 = #1 = we obtain (|3.4j) . 

We now summarize our discussion in terms of m(-) (see (|1.3a|) . (|1.3bjl ). instead of &(•) and d(-), 
obtaining the following: 

Lemma 3. The operator T 2 is reducible if and only if one of the following conditions holds: 



(3.6) 
(3.7) 



m(-A) = -m(X) (VA G B) (Case I above); 
m(-A) = m(A) (VA G B) (Case II above); 
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or there exist p G R, p ^ and 9 G C, |0| = 1, smc/i i/iat i/ie function 
(3.8a) n(A) = m(A)(/?0A 2 + A - p#) (A G B) 

(3.8b) n(A) = ra(-A) (A G D) (Case III above). 



We shall now give a more transparent form to conditions (|3.8a|) . (|3.8b|) above. To this end note 
that 

p6\ 2 + X- P 6 = P 9(X - 5 + 6){X - 6-6), 

where 



Thus (with p = 05+), we have 

(4.2) p6\ 2 + \- P 6 = - P S-(X- p)(l + pX). 
Using this representation in (J3.8a|) . condition (|3.8b|) becomes 

m(A)(A - p){l + pX) = m(-A)(-A - p)(l - Xp) (A G D), 
which can be written (since < \p\ < 1) as 

(4.3) m(A )-^i^ m( -A)^|p^ (A G B). 
Thus m{—p) = and therefore 

(4.4) m(A )=p(A)^±4 (A G B), 

1 + pX 

where p(-) G H°° is an (other) inner function. Obviously 1)4. 3 J) is equivalent to 

(4.5) p(X)=p(-X) (AgB). 
This discussion together with Lemma |21 readily yields the following 



Theorem 1. The operator T 2 is reducible iff either 

(4.6) m(A) = m(-A) (A G D) 
or i/iere existe s/ieB smc/i i/iaf 

(4.7) m(A )=p(A)^±^ (A e B), 
where p(-) S -£f°° satisfies 

(4.8) p(A)=p(-A) (AeD). 

Remark. Case (j3.6|) is contained in the second alternative above when fj, = 0. 



In order to study the lattices Lat{T 2 } and Lat{T 2 }' we first bring together the following char- 
acterization of the Cq(N) operators that are multiplicity free. 

Proposition 1. Let T be a Cq(N) operator. Then the following statements are equivalent. 

(1) T is multiplicity free (that is, T has a cyclic vector). 

(2) Lat{? } = Lat{? }'. 

(3) The minors of the characteristic matrix function of order N — 1 have no common inner divisor. 

Proof. The equivalence of (1) and (3) is contained in the equivalence of (i) and (ii) in Theorem 
12 in 3 . The implication (1) implies (2) is an easy corollary of the implication (i) implies (vi) of 
the same theorem and is contained in Corollary 2.14 in Chapter 3 of .1 . Finally, implication (3) 
implies (1) proceeds from the following lemma. □ 

Lemma 4. Let T be an Co operator on the Hilbert space 7i and f a maximal vector for T. Then 
f is cyclic for {T}' . 

Proof. Let Ai be the cyclic subspace for {T}' generated by / and write T ~ ( T Q ) for the 
decomposition 7i = Ai © Ai^~. Since Ai is hyper invariant for T, it follows from Corollary 2.15 in 
Chapter 4 of [J, that the minimal functions satisfy = tut' • tut"- However, / maximal for T 
implies that mj" = tut and hence tut" = 1- Therefore, Ai ± = (0) or Ai = Tt which completes the 
proof. □ 
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Our next aim is to characterize the case when the operator T 2 is multiplicity free. According 
to Proposition ^ that happens if and only if 

6(A), d(X) and Xd(X) 

have no common nontrivial inner divisor. Let q(X) be an inner divisor of b(X) and d(X), that is, 
(6.1a) m(\fX) +m(-v / A) = q{X)r{X) 

(AeD) 

(6.1b) m(Vx) -m(-VX) = q{X)Xs(X) 

for some r, s E if 00 . It follows that 

(6.2) m(A)^g(A 2 )(r(A 2 )-A S (A 2 )), 

that is, m(A) has an even inner divisor. 

Conversely, if m{ ) has an inner divisor (in H°°) p(-) satisfying 

(6.3) p (A)=p(-A), 

then q(X) = p(VX) = p(-VX) is in H°° and inner. Thus m(A) can be represented as in (j6.2fl and 
clearly (|6.2j) implies (|6.1aj) . (|6.1b|) . Thus we obtained the following: 

Theorem 2. The operator T 2 is multiplicity free iff the characteristic function m(A) forT has no 
nontrivial inner divisor p(X) in H°° such that (see (j6.3j) ) 

p(X)=p(-X) (VAeB). 



Our main result is now a direct consequence of Theorems ^ and |21 and Proposition Q namely 
Theorem 3. Let T G C (l) satisfy: 

(A) m T (X) ^ m T (-A) 

(B) For ?tit(Ao) = 0, Ao £ £/ie function 

m T ,A (A) = m T (A)/^f^ (AeD) 
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is not even, that is, 

(C) There exists a nontrivial inner divisor p(X) (in H°° ) of wit (A) such that 

p(A)=p(-A). 



Then 

(D) 
(E) 



T 2 is irreducible, and 
Lat T 2 / Lat{T 2 }'. 
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Remarks 

a) Let 

(8.1) 



mj(A) 



A 2 -Ai 



A- A 2 



(AG 



1 - AiA 2 \1 - A 2 A, 

where Ai,A2 G B, A 2 ^ X\. Then m fulfills the solutions (A), (B), (C) in Theorem^ T 2 satisfies 
(D) and (E) above and hence dim H = 4. 
b) If dimH = 3 then 

A — Ai A — A2 A — A3 



mr(A) 



(AG 



1 - AiA 1 - A A 1 - A 3 A 

with some Ai, A2, A3 G B. If wit satisfies (C) then (Ai + A2)(A2 + A3XA3 + Ai) = and my(A) has 
the form (upon relabelling the Aj's) 

A 2 — A 2 A — A2 



wit{X) 



(AG 



1 - A 2 A 2 1 - A 2 A 

Consequently wit does not satisfy (B). Thus for Theorem|3]to hold it is necessary that dimH > 4. 
3) Let wit be singular, that is, 



wit(X) = exp 



2tt 



e lt + A 



du{e l 



with u a singular measure on . 
so that 



{e : < t < 2ir}. Assume that there exists a Borel set ft C 



p(fi) = n(dB), u({X: AGfi})=0. 
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(e.g. n = Si, the point mass at 1). Then 

(8.3) Lat{T 2 } = Lat{T 2 }' = Lat{T}. 

Indeed, in this case (C) above does not hold. 
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